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INTRODUCTION 
One of the many ways of obtaining from a set of 
observations a second smoothed or graduated set is to 
assume that the second set is a linear combination of the 
first. Thus if u denotes the column vector of n observed 
values, y that of the graduated and C the matrix performing 
the linear transformation, then y = Cu. This method was 
considered by 7.F. Sheppard, in the case where the 
observed data are equidistant, equally weighted and 
uncorrelated; the assumptions being that the sum of the 
squared coefficients in the transformation shall be a 
minimum; and that each / shall differ from a specified u 
by differences of u of order exceeding j, i.e. if the u's 
are already polynomial values of degree j, then the linear 
transformation leaves them unaltered. In this way each 
graduated value depends upon every observation, and not 
simply on those on either side as, for example, in the 
case of the centred finite summation formulae of Spencer 
or Woolhouse.t Sheppard points out that the solution 
of this problem yields precisely the same final results 
as that of fitting a curve of degree j to the u's by the 
method of least squares. A.C. Aitken has shown more 
recently how this problem in its two aspects may be solved 
much / 
x Journ. Inst. Act. Vol. 48, pp. 171 -185. 
t Whittaker and Robinson, Calculus of Observations 
pp. 286 -290. 
Proc. Roy. Soc. Edin., Vol. 55, pp. 42-.-7. 
much more concisely by using the matrix calculus, and 
indeed he gives the solution for the case where the u's 
are not subject to the above restricted conditions but 
may be of arbitrary functional type. The transformations 
which he derives for the restricted and general cases are 
y = P (P'P)-'p' (no correlation and equal weights) 
and y = P(P' V'P)-'P'V-irespectively, 
where P is a matrix of prescribed functional values by 
which the y's are expressed, and V is the symmetric 
variance matrix associated with the data u. (V- t41-91 =tJi ]> 
In Chapter I of this thesis the problem of graduation 
by linear combination is again considered, but with 
different minimal conditions. Firstly, what linear 
combination y - Cu is such that the set of k differences 
Pky = CIA, has minimum sum of squared residuals and 
secondly, what linear combination CDji of the k differences 
-05 
of the observed values produces a set of smoothed k 
differences with minimum sum squared residuals. Examples 
are given using both factorial polynomials and the ortho- 
gonal polynomials of Tchebychef. It is also shown that 
this problem leads to the same solution as that obtained by 
using Sheppard's original assumptions. 
In Chapter II the linear combination C of observed 
data is considered where the y's are expressed in terms of 
the harmonic functions. The properties of the transforming 
matrix are established, and the Fourier coefficients 
are / 
34 
are given in matrix form. The question of estimate 
errors from residuals which is of prime importance in the 
examination of any physical phenomena associated with 
harmonic analysis, is also considered. 
In the appendix tables of C are given for values 
of 2n, the number of data, equal to .,6, 6,10,12,16 and 24 
with k = 1,2 . n, the number of harmonics in the series. 
A bibliography of works consulted is also given. 
I should like also to express here my sincere thanks 
to Dr. A.C. Aitken, F.R.S. , for his constant guidance and 
encouragement throughout the work. 
--- 00o - -- 
4. 
CHAPTER I. 
LINEAR COMBINATION OF DATA WITH LEAST 
ERROR OF DIFFERENCES 
1. Let us n data 
u = 5 u, uZ u3 , u.r 
It is proposed to find what linear combination C of these 
data will produce a set of smoothed values 
Y = { Y, Y2 Y3 
that is y _ Cu where 
y_ 
CI, C/Z C/3 l i+,, 
CV C22 C2S Czw 
Ca/ C32, C33 1.3n 
Cn/ (''nZ 
subject to the following postulates:- 
(1) that the u's are observations which are not 
correlated and which have the same standard error. 
(II) that the mean square error, or sum square error, 
of the kl" differences of the smoothed y'a is to 
be a minimum. 
(III)that, if the u's are already values of a polynomial 
of the m degree (m > k), the process of linear 
transformation leaves them unaltered, that is 
Cu U. 
(Iv) that the moments of crude data and smoothed values 
up to the (k -1) order shall agree. (To fix 
ar bitrary constants) . 
Let / 
5. 
Let D,k denote the differencing matrix 
pp<z) 
. -4.) -4) 
44) 
pp 
of order (n -k) x n. 
where - is the-r term in the binomial expansion of (-14-1 
Since y= Cu 
/a 
The sum squared error of the 1c1" differences of the 
smoothed values is the trace (sum of diagonal elements) 




-1-1, 0c) C2 = 0 a <x/ f a, %", fx) Q2 (x) l- 
a polynomial of degree m in x, 
so that 
u = Pa 





°(") 4,0 of order n x (m-I- 1) 
Postulate (III) above lays down that CPa = Pa for all 
polynomials of degree m, that is for all vectors a 
CP = P 
Now T the trace of P,, C (7)k C)'i the leading diagonal 
of / 
of the product 
e 
k k - - 
k C// A C/2 --- -A C17, 
Ai( Z^zl . KCzz - - - - - - - - - - Ak C271, 
L1 Cno 
QKCn-K,Z 
Q- l lYv 
Ak1.z, - - - - - .OkCn-,c, 
K k 
Czz --- - Cn-k z. 
k vCz -- - 
k 2 K 2 T = (0 CY) +(a Czy) + d CK 
óT 
z ô C, _ 6 C 
, T K k 
Cz, t .6 C,r t,) â C2J 
T 
k e_31 A k C31 t o/ 4 Cz/ t-(Z) Ci, 
T - K pp K 




t 44) >, Zr i, / 
:zác =D4C 
where C is or order (n -k,n) 
Since this trace is to be a minimum subject to the 
condition that CP = P, i.e. A CP = D, P 
consider (zKCP- ,kP)A where1\_is the matrix of 
Lagrange undetermined multipliers. 
A 
Az/ 
Atz ;x,3 - - 
A2z A23---------- 
A3 í133- - - - - - - - -- A3), 
/I17aii/ hF11,2 " 3 





Q 1,00 dp,6) 
a t'a (2) o1)4) 41.6) - 
_ Q po(3) A 143) (3) 
o ("n-k) a,61-10 d hi- 61-/<) 
-, 
o (i) íir= 
.0(1) 
, /2) A. (z) - ) - - 
/o (3) l (d) A,,1,) 
Llclipo0)- op40 Lac., -Ar,(') 
1, (/) -0 l' (z) OCz+ (r) -4 f , (i) . . 
ZI 11C3r po(/)- 1'o(3) eke il(r)-4f',(ì)--_._..._ 
k 
ZLiClYf ),,,(r) -ap,,,(0 
EA CZr%. &) -6/3,(z) 
E C3 /21,, (r) -!',,, la) 
E C-k,i 1,0 (i) -n»,(n-/<) L ,Oen-ki/1i(0-4¡n-k) - 
./\\,l ! 12 
x 
%\zl i12.7_ ñ 2_3 - 
íl 5/ A3z 
..>3 
/133 
..,1»1+f.0 /1414-42 /1-1,1+4 3 - - - 
1r = / to 
Denote the leading diagonal of this matrix product by 95 
then cp. - crho(a)- oo() + iZACtip,0)- 61),4112/+...... +itor,cr)_4i), 1 
}A Czr 1)o(r) -L10 (2)J1iz -i- G C p((i) -d i -... + ACcr124t) -/f (: Mi 
-p- - - - - - ---- -- - 
to, 
8. 
+ /() - 61)0(n-1)}/l1+...... + 4C,-kr',, (1)_ zap,(n-k) 
_ 1-0(I) ill! -t- , (l) /124 -F - 
I 
-/- (iJ i1,r+i , 1 
- 4 / 1+1, L t /FG(,) . 
(0i , tl 3 -t- 
m:(1)À.)x.ti, / 
..,/(/)/1-14-/, / 
40, Zi (4.1-46z f 4(Z) Z /31(4 /kit I 


















Cr.k,, /11,1v A?dv /1371 .......í1Nt,,r1 
-DG- p' II. 
From I and II we have 
VDC = ])11L P 







since CI =P 
D,n C = Yrc Pc P' P)-1 p' - 
,nt1,r 
9. 
The result is very similar to that obtained by using 
W.F. Sheppard's postulate that the graduated values 
themselves, and not their k differences, have minimum 
sum squared error. A.C. Aitken's matrix solution is 
C = P(P /P } -'P: Vie cannot, of course, cancel out D_* from 
III since L is rectangular. 
2. Vie shall now show that 
C = P(P'P }-'P/ 
and D4 C= D P (Pi PT/PI I I 
lead to an identical solution. 
The graduated values y which have been obtained by 
operating on the observed data u directly by C, or which 
have been obtained from the differences DDCu, have the same 
k differences, hence the fitted values y from the two 
methods can differ from each other only to the extent of a 
polynomial of degree k -1; this follows because the k 
differences of a polynomial of degree k -1 are zero. 
Let us fit our crude data u by means of Tchebychef 
polynomials, so that f 
Qo o(4 -4- at, "(x t -- - - - t (2 "`_i (70 
a polynomial of aegree n -1. 
Let 1.4 denote the terms ao to (x)-/- a, (x) t . -t c?k_, (x) 
n n C (x) f 2, t (xu(z 4 
n n n a t (x) + Q n f (x) ++ ., U (3 
then u = .a() + +. U3 
It has been shown that 
y = Cu = C [-act a -t(z t C(3 
J 
= -c<<, + (z 
that / 
10. 
that is ordinary least square fitting of a polynomial of 
degree m preserves the first (m+ 1) terms of the whole 
Tchebychef expansion and obliterates the rest. 
Let us further suppose that the fitted values y 
14 which have been derived from the k difference postulate 
are 
II. 
that is the values of y in I and II differ only from each 
other to the extent of a polynomial of degree k -1. But 
postulate IV. lays down that the moments of the crude data 
and of the smoothed values up to the (k -1)- order shall 
agree i.e. the moments of I and II up to the (k -1)- agree. 
Moments of u(, and v(, for arbitrary u(, must agree 
i . e. u (, = vo 
and we therefore have an identical solution. 
3. Assuming that 
C = P(P /P) -4P/ 
and DEC= DAP (P /P) -'Pi 
lead to an identical solution, properties of C could be 
established. For example, if we consider first differences 
]Cu yields / /+ 1C2>-(./rT r (C3>- CZr).l(y 
/I\ L, (C>,r- C.-r >).(.(t 
r = 1 
tor=n 
Since the moments of order zero of the graduated and 
ungraduated are equal, and if x is the smoothed value of 
u, obtained from these first differences then 
i) -1- n- 2 ) .612 = ,(4 t-u z 4 - 
-4/ OC (C 2r err )'al (71- V C 3 r C ?v lZI1 Z-://AY r. l. ay 
Since / 
11. 
Since the solutions are identical, this smoothed value x 
must be the same as that obtained directly from the linear 
transformation C 
i. e. x = e,,- it-re 
whence / vCriY+in-)(Czr-C,)G(+--- - t [Cr- C'_,,r)/Lfr = Z'4. 
This must be true for any arbitrary values u, whence 
w C,y t n' /)`2r co + + C -ri_,, v) _ / 
C/v - (zi -I- Or t - - - - t C721 
for all values of r from 1 to n, that is the sum of the 
elements of any row of C is unity. 
Moment Properties of C. 
Consider the constant set { 
/, 
/, ! /} 
If these are graduated by C they must be reproduced 
C,1+ czi +C3-1-F- . -.... f C771 =1 
for values of r from 1 to n. 
Since moments of order 1 are reproduced 
C f I,2,3,- ,rvj _ /, 2,3 
C /Y-/-2Czy- I-3CSY -. -+n C- = 
In the same way moments of order j m, the degree of 
the polynomial, are reproduced whence 
C f-- 2 PCzy4- 3j C31 - - 
For example if 
+"YbiCnY 
//9 63 2/ -Y -2/ -2/ -y 2/ 
63 1,7 33 2/ // 3 -3 - y 
Z/ 33 39 39 ;3 2/ 3 -2/ 
-7 2/ 39 ,4y Lis-- 33 // -2/ 
-z / // 33 AS 4Y 39 21 -7 
-z/ 3 2/ 33 59 3 9 
33 2/ 
-- y -3 3 // 2/ 33 !/ i 63 
2/ -y -2/ 2/ -7 2/ 63 //9 
12. 
Then the sum of the elements of any row is unity. 
Also 
ll 
-I- z + 3(33) t Lf (z) + S(ií) -f- 6(3 f y(3) 
[4 3-r- 94 -I- 9 q f / 4-5-3 ,- / 8- z/ - 5-6] l 
- - r8 
2 
and 
F63 f- zz(47) + 32 33) -1- if 20) s2(,) 62(0 y2(-3)-/- s y) I 
- 16 [63 -I- 
/ 2 3 3 6 t276- fios -/4, /4,7 _.4,/,,f1 
-168E672J 
zz 
In this case higher moments cannot be considered as C is 
derived from a polynomial of the second degree. 
4. The only difficulty which may arise in evaluating C 
is the finding of the reciprocal of PAP, particularly when 
the order of this matrix is high. In this paragraph we 
shall show the advantage of using Tchebychef polynomials, 
and incidentally show again that the sum of the elements of 
any row of C is unity. 








tj(o) i() Li(,Zl 
) 46) az) 
4(0) 46) td,) 
two) G i(a) ts 
O 44(,) `y(¡ i/) 0 4/ 
(,(2) t, (z) t (z) tv(2) 










all the non diagonal elements being zero since 




Z 4 (x)j 
. P(71?)-1 Pi= 
to (o) wo) Li (o) 
to 0) t/ fi ./ tYo) 
to (.,1-l) Li(r-l) 601-i 
s. 
4 (o) t,, (,) ty(=) 
tolo) to (1) tot ri-,) 
L. t X)} z toiKy- Z to( x)1 




t(a , ci) 67-0 
te(xtL L, C,( x)1 L't,(0y 
X 
14. 
Sum of the elements of the (p + 1)1* row of P(P'P)-'P'is 
obtained by premultiplying each column of (P'PrP'by the 
1- 1) row of P and summing; this gives (p 
But 
te(J)Z [too f -tom f f I-,(4-J)] 
Zt(x) 
+ t,0")() [(o) t,l)+. t,(n /) ; 
+ t4- 
ta(x)Z 
[t(o) + tv(') 
LJ O 
o 
and to (x) Lo (0 _ / x=a x=o 
Sum of the elements of any row is unity. 
G.J. Lidstone, Journ. Inst. Act. Vol. 64 Pt. II. p. 145. 
EXAMPLE / 
15. 
EXAMP LE . 
Let us graduate the 8 data 1,2,5,8,1045,20,30, 
assuming that our representation is a polynomial function 
of the second degree. In this example we shall use 
factorial polynomials which are commonest in the calculus 
of finite differences. 
The general polynomial is 
= Qo f a, xt) -,- Q¿ x(z) + +- Q, (r) 
where x7 
In this example 
- x (x-/)(x-z) 
-r! 
/ / / / / / 
, 2 3 6 




/ z / 
l 3 3 
/ I/ G 
/ s' /o 
/ 6 /s" 











= /6 8 
I //g -s6 i4 
-S6 40 -/z 
L /4 -/z 
3sz 
/ 2 / 
/ 3 3 
/ y 6 
/0 
/ 6 /6 
// 9 -s6 /ÿ // q -3-6 /1/ 
-s6 ho -/2 65 - /6 2 
/4 -/z ¡./ 2/ /z -6 
-y zcf. -/o 
/68" -z/ 32 -/o 
-2/ 24 -6 
2 
21 -z8 /a 
16. 
/i 9 63 2/ -7 -2/ -z/ -Y z/ 
63 lfy 33 2/ // 3 -3 - y 
2/ 33 35i 37 33 2/ ,3 -2/ 
- y 2/ 3? tir 43- 33 /i -2/ 
- 168 -2/ // 33 //.s- .47' 39 2/ - y 
-Z/ .1 2/ 33 39 39 33 .Z/ 
-7 -3 // 2/ .9.7 P7 63 
2/ -7 -2/ -2/ -y 2/ 63 //? 
(Check: sum of elements in each row and column unity). 
Performing this transformation of the given data we get 
16tS 16t 61bö 
11 1, 11 1, 
216 16íS, 16ti- 
1 288 
(Check: Sum of graduated data 168 =91= Sum of given data) 
The smoothed first differences are 
116, 2 4., 472, 650, 
168 
828, 1006, 11&j. 
iU S 168 1 8 168 168 16 8 
The second differences, 160, are constant since the 
assumption is that the smoothed values lie on a curve 
of the second degree. 
Further, 
-/ / // 63 2/ -Y -2/ -2/ -7 2/ 
-/ / 63 by 33 2/ // 3 -3 -y 
. -/ / 2/ 33 19 39 33 Z/ .3 -2/ 
. -/ / 2/ 39 ur 
/45- 33 // -2/ 
-7 DC= 1(ogs -/ / -2/ // 33 45 47 3? 2/ 
-/ / -2/ 2/ 33 
37 39 33 2/ 
/ -y -a 3 // 2/ 33 y 63 
2/ -7 -2/ -2/ 
-7r 2/ 63 11 
17. 
-6-6 -/6 /2 28 32 21/ 1/ -z8 
-//2 6 /ef 22 
/8 6 -4/4 
-28 /2 8 /z /z 
8" 
/1.g _/// -/o -6 -z 2 6 /a //f 
- -/2 -/z -g /2 
22 
_ 6 - /8 -zz -/8 -6 
/Li 1/2 
zs - -24 -32 -28 -/z /6 56 
Operating this matrix on the data above we get 
1-4 (116, 294, 472, 650, 828, 1006, 114). OU 
If we assume that the sum of the u's is equal to the 
sum of the smoothed y's we obtain at once the smoothed 
data 
168 (259, 375, 669, 
1141, 1791, 2619, 3625, 4809) 
as before. 
5. Let us now consider the same problem as above with 
this difference, that we replace postulate (II) by the 
following postulate: - 
"The linear combination of the k- differences of the 
observed values, that is,C-DK is to have 
minimum sum squared error." 
Proceeding in a manner somewhat similar to the former we 
now have to minimise the trace of the matrix product 
(CPI )(CJ )/ re CDK rK C 
subject to the condition that CP = P 
C '- 
(Il C/2, 63 Ci "ti(u) 40) 




























Cn. Cv C3 C°n n 
C// 
éC3/ 
R) 02 / Rli t - 
4 ( . ) f /jC32 
4) Ci t 
- - - - - - - - - - 4( K 
r) 
) CCA h-k -- 4) C3n 
46(-446(-4') P R(-J L2,x-k-/ t. t 4,) 7n . 
Cy a-k f-í) k+ f (, Cit, 
en] 
" 'vl,) CnI + 44 612 - - - - - - - Cn, n -k-l- ha-0 en, n- k-/ -s . . . 40 67,7 
--4o9 C11 -4o) C2/ 
?z.,) Ci/ f40 C/.2 
C 
ñu) (2/44//0 Csz 
42) e.//,` -4) try) Ca -k2) C2/f Ken* -4 c23 
-4(9 6,n-k t -40 e/n, 46,0 ez n k 4 .. .. t %Z(o) Cz n, 
40) tia 
40) 604) /+nz 
{, // i(2) Crfi-() Cn1f ñ'(o)Ln./ 
ko)Cx, n, 
¡ / 2 t 
( - E (j [-km Lid +[n) Cyf k(o) Cvi] + +r¡z) +..... .+ 'ilo) C1x 
z 
l E / 
Z 3 Crl = l Z¡o), rl + (i) Cín) C/ f X/o) Crs] t .... t (K) EL) CY( + ..... tic Ci-, k+j 
= 
LC,, 
1.Y7 -- -Cr,k+t ] 
_T 





40%4 u ) f 4042) +- 40-, " K) 
410 4/(i) + . .. í(!t(.f) `j(K) 
l'G(a) 'Fi/3) . . ..... + /K¡Íi3 ) 4(/nEG 
410) 4(x) 
19. 




C P = (DDT' P 
p _ _Air'(D.D9-17D 
P i-P'(D.Y.Y'T-' J-i = 
P [P'(DV)-' PJ''P' _ A' n' 
= CD' 
C= 71-P1(23-D9-1 nJ P (DD' y-, 
6. Since the differences of the u's are necessarily 
functions of the u's which follow, these differences are 
correlated. The variance matrix Vin this case will be 
Dit4. Since the u's are polynomials of degree m, their 
k m differences will be of degree (m -k) . Let the smoothed 
k differences Day be represented by the polynomial Pa. 
The sum of squared residuals is given by 
?C 
s2=: ( -co- Q)..u..Pa. 
as 2 
--á aa yields P' (-P-D')-' Pa, = 
a = (bD'Y'P]-' n' (DD')-i 
_ P1n'(DD9-'7'J-'P'('-', 
7. We shall now consider in matrix form the k4- 
differences of the y's as a linear combination of the 
k of the u's, the graduated y's having first 
been derived from the original postulate that they 
themselves / 
x A.C. Aitken, Proc. Roy. Soc. Edin. Vol. 55 p. 45. 
20. 
themselves have minimum sum squared error, that is 
C 
The case for first differences is here considered, but the 
same method may be applied to differences of a higher order. 
_2 - _ (C2Y- C r)r- 
VV 
Ln- _ - r` x-/ 
-v 
(C-n.y- Cn -r, y) /1-kf 
This expresses the difference of the y's as a 
combination of the u's themselves. 
Now = (Cz/ -Cl, ).C(, + (Czz - C/z),uz + . . 
_ (C2/ - C0(-1-4 - I-0 t (C21- t C22 
+ (CV - Crr *C22- Ca + - - - / l z, -r - 
linear 
.. . . r (CzrL - CV) .Cc,,, 
- Ciz)(az-ix0 
-1kt. 
The last term vanishes since C'z,- = Cl,, _ / 
and similarly 
C-rl yr+ 4Ci2 0Cr/4-ACv2+ 
- 
0 C,r fAC;¿ -/- ' - - + Q C/,r-r 1 {A (lr 6.Uz, . . 
+ Q CY,n-r J jA.u,, A,ui, 
A er, +L,C,z -- - - -- - ACr,+ ACrzt._..tAC,,,,-I 
.0 C v t a C z z - - - - - - - ACz, -F LlCzz t . . + C2, h- / 
C , i ACn- ,r 4-4 i'-% 
6 Cr/ QC'rZ 
- -oC-,r+ACi,-,Z-L.. 
ZA CI, 7,-/ 
L1 C2/ 4 Czz A Cz, n- 








/ / / / / / 
/ / / / / 
/ / / / 
3).y _ _DC (V)`r 
/e 33^ = ,73.-P(p'7=9_/n'(0-/A4, 
8. In evaluating this Linear Transformation the 
function occurs, and the following lemma is now 
established.. 
The elements of the matrix ILK D:are the binomial coefficients 
of the expansion (1 - t)2k 
Let (i -t0 -4 = co -PC',tt Cet7+ t C t 
-Co C/ Cz C 
. Co C, 
Co 
CY(',-z _ - - . . 
K i 
C Zf G Cy- - - - - o , 
K 
ÇK CCr., G. CI Z _ - - 
R l k Now (/-t) (/- z` / / _ (cof CKfK)(Co+ f,+ 
o 
( k k -. 
1 





+ZCYCyy f i-- C, tC,('Y-, f - . t CoCK L/ 
whence / 
22. 
whence it follows at once that the coefficients in 
zk / 
(1 -t) are the elements of PKA. 
EXAMPLE. 
To obtain the smoothed first differences of the data 
1,2,5,6,10,15,20,30 by performing the transformations 
p[P' (D D')-' P] -/ 7, (DDT/ 
and TIP (P'.0 -/ p' (h0-/ 
on the first differences of the observed data, namely, 
1, 3, 3, 2,5,5,10. 
For first differences the value of (DD)is 
'l7. -n-/ m.-2 --- --S 2 / 
-7v-/ 26-4 2(7i- 2) - - - - - - - 6 // z 
6 3 -n-2 20i--2) 36.-1) - - - - - - - 9 
3 1c 9 - - 
3(7t-2) 2(X-2) n -Z 
2 /{ 6 - - - - - - 2(l,. -z) z(, -,) -,. -/ 
/ 2 3 - - - - - - -h. -2 
-n, - / -71. 
In this example the value of P'(D)'Y'Pis 
/ . / / / / / ¡y 6 S" 4 3 2 / / 
/ 2 3 k s 6, l2 0 8 6 ti Z 1 / 
S /o /5- /2 9 6 3 / Z 
ti s /z 16 /2 l 3 
3 6 9 /z s / 4 
2 N é & to 12 / 












L-/0 3 / L 
23. 
/ / / , / 
:11 .Z ,3 // S 
ìo y y / -2 -s- -8 
7 5- 3 / -1 
-3 -5 
ii 3 2 / -/ -2 
/ / / / / / / 
-2 -/ / 2 3 <IL 
-s -3 -/ / 3 s 7 
-J, -s -z / ú 'X /v 
.-. PEP' t __DD')-' P]-' P' (-DD/)-1 
,o y J./ , -2 -s- -e -, (o s <, 3 Z r 
7 s 3 / -/ -3 -s- 6 /z 
/0 8 G 1/ 2 
- y 3 ,2, / -/ -z s- /0 /s 
Iz< q 6 3 
33 Go / / / / / / 4 8 /2, /to 12/ 8 /-f 
-2 -/ ' / 2i 3 3 9 /,2 / /O .í- 
-.i- -3 -/ / S 7 2_ N (, 8 




28 3o 3q -/,¿ 
l 2r -25- /6 s -4 -"/ 
ly 20 20 /6 /0 1-t 
8 
7 l.2 /S- /6 /s- /2 y 
L/ /0 /0 20 2,0 /1-/ 
-1 -Lt s l& 23- .2 ú 2/ 
-/y -lz /6 30 Ai 26 
Performing this transformation on the first differences 
1, 3, 3, 2, 5, 5, 10, we get the smoothed first differences 
W4(58, 147, 236, 325, 414, 503, 592) 
which/ 
- 
which is precisely the same result as that derived in 
Example I. 
Moreover, the transformation 
DC(D/) -' r:e 
in this example is 
DP(n'p p ADO- 
-/ / /I 9 63 2/ -y -2/ -2/ _r aì ! / l 1 / / / I- 
-/ / 63 /ry 33 21 // 3 -3 -7 . / / I I I 1 I 
-/ / 2/ a3 3? ?g 33 2/ 3 -2/ 1 1 
I I 1 
-/ / -7 2/ 3 47 4s 23 /1 -2/ I I 1 I 1 
/68 -/ / 33 us 47 .y 2/ -7 I I / l 
-/ / -2/ 3 2/ 33 39 39 33 2/ 
/ I I 
-/ / -7 -3 3 // .2/ 33 u7 63 / / / 
2/ -y -2/ -2/ -7 2/ 63 
3'6 /b -/Z -2& -32 -z4 '/ / / / / / / / 
42 /// -22 -/ - 6 //./ / / / / 1 1 / 
25 /2 -& -/2 -/2 -8 / 
/ I / / 
/L/ /o 6 2 -2 _6 -/o -/y / / / 
/ / 
/bF I 1 / / 
8 /2 IZ -/Z -28 
-/4 6 IS 2Z it 6 -/!a -6Z / / / 
-.28 4 2!/ 32 2 8 /2 - /60 - s-6 / / 
- / 
, 
2& 36 30 /6 -/2 -/!/ 
2/ 23 23- /4, S -4- -7 
//./ zo 20 16 /0 4 
8p- 
i /2 /s !6 /s /2 i 
4 /0 16 20 zo /4 
-Y -4 s 16 28' 2/ 
-141 -/2 16 30 36 2W 
which is the same matrix again as that obtained by 
using P fT" (D') -' PJ- /p/ Cb_D9 ' By yet another method 
F.M. Harding has also evaluated matrices corresponding 
to those above. It is a remarkable fact that minimising 
squared / 
25. 
squared error of differences should lead to the same 
result as that by minimising the smoothed data themselves, 
or the equivalent method of fitting a curve of correspond- 




LINEAR COMBINATION OF DATA 1ITH LEAST 
ERROR USING HARMONIC REPRESENTATION. 
9. Let us now consider the Linear Transformation 
C = P(P /P)_P/ 
where the representation y = Pa is an Harmonic Function 
of the form x-/ pp 
Qo t Cc cc' R7v -!- drri > h¿ Qav 
If we have 2n data and the representation has k harmonics 
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S= o 
.a--`v each o f 
which is zero. Any other element is of the form 









Z rñ s..,. 
st/ 
[Sn- 
Pip = h 
_ 
.7i 
_ ' V 
L= o 





- Z / , 6, f 
o=o 
GST 
° (In this case r cannot equal s) . 
_ \/-+ - ? + C ̀ / y-S `;; - >.. izo 
= O 
= s_ 
If we consider the case where k = n the matrix (PIP)-' 
is still -:,. T on account of the factor in the last 
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- 
(1r ,)Ki7 s (2* r)Kñ 
,. , , I -'.. z z Jz 
i, 2S (2n_d ii- 
Co. D Ì,o-D w CO-V w - - -- cev --,,. 
¢. Q /J.,.2.rv 
rr 
- /a+;, (2n-,),î "Iti 
kr' 2 kV 2+-,)ka 
Ge-o Cap .,,, cem - - - c'er' 
/Ç(î 2K/7 
04. . (h- r) KT D Jt ay. 2-2w 
Then any element C,.Sof this matrix product is 


















iGOD T/7- ceo s i. } 
} = _ / 7., 
z f 0- 2} = O 
s) o 
i-/ti} =0 
z ctr r- s) 
whence C =I 
Thus the matrix P(P'P)-'P'is completely determined 
for all values of 2k 4 2n. 
29. 
3,0. PROPERTIES OF C. 
1. C. ie axi-s,ymmetric 
Cys 
i l c4-, (a- 
z d._' 
s) °_ -.,. - Cs r' 
This is also obvious from the fact that 
r P r'Y UP9' % ¡ 
II. C. is centro -symmetric. 
C,,,-, ; S- 
= CS _ CIS. 
- -sz- sJ 
c-e,(s-,-) 
III. C. is er -s mmetric and alternant. 
C-r-r S- 





c(->-/ - s-/ 
Co-v (I_ S ) 
d_, 
2 -j (r- -r 
_ ! z+ ( -o:2.,-)1 d, 
z T-i} I' ' 
- i 2 + 2_, co-, (-rt/ -'PI' 
61-, 
I V. C. is idempotent 
Any element (Ctof CZ is obtained by multiplying 
the s column of C by the -r' row of C. 
1V. contd. 
Cz 
'. ( Jas _, 
30. 
72- 
4:eo 6,_ y) 1 r t j , L j_, 
/ l s'6 
Co 
G 
j w f Co (- s> J t coy er_ 1(,)d2 w , (Y ' yC 
a d=- . 
-é 
f /1-s J 1 2Vt) d- y) .0(Y-;i 
4-7d.-/ ¿=r 












s-ei )Jñ f- [4.14ós-(i+n 
2. _ dj-r 
Then i 
z 
C = C 
the second term vanishes. 
rk 
z,. 
- / + / L Z ca- (- s .7- f- O - zA. Z71,2* 
k I J . Zrv Gec4-0 (9- s) 
2 y -f- .371,2" 
- ! z q-y Gov (r-s) wr ;p_, 
C'rv= C i. e. C is idempotent. 




CZ= PT' ,' 
3,./ 
pp/pp 
_ J % 4v .Z. 7)/ 
2 
= i T'/, 
= C. 
31. 
V. The sum of the elements of an row or column of C 
is unity. 





/ 1- Z. 
5 - , d =, 




VI. The sum of the elements in the leading diagonal 
is (2k + 1) 
Since C is persymmetric each element in the leading 
diagonal is equal to Cu 
and Cu - 
z+ 
k ) / - / á' )} 
-, 
Sum of Diagonal Elements 
= 2-''. z +4,¡ 
= 24+ 1. 
VII. The sum of the squares of the elements in any 
row is zñ (2k+ 1). 
From theorem IV the sum of the squares of the 
elements in the -grow is 
VIII.The sum of the elements in the secondary diagonal 
is unity. 
Since C is persymmetric the elements in the secondary 
diagonal are Cr, 2x-2, 






IX. The Latent Roots of C are units and zeros. 
Since every square matrix satisfies its own 
characteristic equation and C = C (Th.IV), C satisfies 
the reduced characteristic equation 
A2 í1 =o 
A= / in certain multiplicities. 
Since C is of order 2n x 2n, the characteristic 
equation is of degree 2n. 
Sum of the roots is the leading diagonal elements 
(2k + 1) (Th. VI) . 
Latent roots are (2k + 1) units 
and (2n - 2k - 1) zeros. 
X. The rank of C is 2k + 1. 
This follows at once since the representation 
contains (2k + 1) constants a0, a,, -, .. 
which are determined by using any (2k +- 1) of the arbitrary 
u's. Any other row, therefore, of C after the (2k +- 1)* 
is a linear combination of the first (2k + 1) rows. 
XI. The sum of the principal diagonal minors of C 
of order S > 2k +- 1 is zero. 
The characteristic equation of C may be written 
2-,,. / 10)= A , 2 - 4 -S as = o 
where as = sum of diagonal minors of order s of C. 
but ( -/)s as = sum of roots of /0 -0 taken s at a time. 
But / 
33. 
But each group of s roots contains at least 5 - 2kf/ zeros. 
whence as must always be zero for .s>.24-/-/. 
In the same way as,,, asf-2, ... Qz,.,,are all zero. 
XII. The matrix C. is singular. 
IC lis the product of the 2n latent roots of C 
But some of the latent roots are zeros 
I c I = 0 
XIII. In any row of O the sum of the elements in the odd 
laces is eual to the sum of the elements in the 
even places, each being equal to á. 
The sum of the elements in the odd places of the 
first row of O is 
Iv 2. 
= L +c( s)?d: z 
S d =r 
- s °_ E GO''s = O s= 
But the sum of all the elements in the first row is unity. 
Sum of elements occupying even places is also i. 




of order 2n x 2/1. 
34 
Since the product of a singular matrix and its adjugate 
is the zero matrix, the theorem follows at once since 
the sum of the elements in the odd places of any row of 
C is equal to the sum of the elements in the even places. 
PRACTICAL FOURIER ANALYSIS 
11. In practical Fourier Analysis a common number of 
data to consider is 12 or 24. 
We shall evaluate P(P/ P }-' P "for case where 2n = 12 
In this case the representation is 
p t Q/ Geo 7i- 1- - Ccy, cow + + 2 a& 64' 
,42 ñ K 2/7, . . 
-f- -' /T., 
-f- ' . ' 
and we shall consider k =0,1,2,3,-5, and finally the 
whole representation including the term in at. 
(PAP}-/= I for all values of k = 0,1,2 6. 
4D. 
Since / 
i / / i / VA 
I 13 / / 13 / 3 .3 / 
,12 Z 2 a z z l z z z - z 
/ ,/3 _I 3 _/ - j ! 1 .fZ Z 2 2 Z Z Z Z. 
_i_ 1 z - z 
-/3 
/.2/ 
/ -/ . -/ / 
/ "3 -i -..i / - z z z- . 




z -/ .1 ' / 
. -,./ / 
Z 1z 
/ 3 / 
Z z .4 
3 _ I .3 -1 .,/3 .3 I 
z, z i -/ z z 
23 
-z / . -Z _13 -Z -../3 I 
Z -z, 2 2 
-/-/ - / / 
, 
_ 
_/ - Z, 2, z, z 
/ s _ 2 2 z 2 ÿ 
-/ 
3 ! J3 , Z 
/ 
L23, - z 
35. 
Since 0 is persymmetric we need only calculate its top row. 
If k = 0, P simply consists of the first column of c 
i.e. the column vector .T2 A-- - - } hence the 
top row of PP'is[z z z ij and top row of 
C Z Z Z 
jr_ 
1 
If k = 1, P consists of the first three columns of 
so that P Pl is obtained at once from the previous top 
row by simply adding to each the elements of the second 
row of P, that is, the second column of P 
r 
Top row of 0 is 
zt/ ytz 
l Z z í i ÿ , z / zf 1 L z 
Proceeding in this way we evaluate the top rows for 






-i -i / - i /- z _L Z. L 1,-11 
z z z 
Ir I r i 
L2 
+% 2+ z -/ Z Z T. Z z . Z -/ Z f A3 
1 rfS i i / r l _i F i i ( C2 Z z Z Z L 2 L 2 2 2 
.Finally to establish the top row for k = 6, that is when 
we take all the elements of 4) , we add to each element 
of the last case times the last row of P i.e. the 
last column of P. It is 
I -n this manner, matrices have been formed for those 
cases where the number of data 2n is 4,6,8,10,12, 16 and 
24, and for values of k = 0,1,2 n. These appear 
in the appendix in two forms; the surd form for 
theoretical / 
36. 
theoretical consideration and the decimal form for rapid 
calculation by means of a machine. 
12, Relationshi. between : raduated values for different 
values of k. These relationships are of little practical 
value, but could be used as a check. 
Let ST denote the graduated value of ,u,. for k- s 
Operating on the observed data, u, by C we get, 
r / 
k - 1, 3,a.0 3 t .cc -I- (CC, + rG - US ,u 7)* 2 (.c(z * a,0 -Ib 
-k = 2 
2zy0 
= I }ilo + « t b f .zeio) -( -a3 tek t ( -f- 9l /Z 
-f-2(u, / CCy tCCrt GCr) +.3 (-Cl, +,(,l - GCS - ,F7) j 
k = 3, 3v 
k = 4> 
%2 
1,1( -(/Uz E- 'Gib ! 619 -t ,ufo) t ( -e(e) 
-at* ur,) f3 (u+,u- G(S -,uy)} 
940 t F--66,-red, -h3(ld,f ¡C- 
k = 5 4 = á /2,ua - , 
8 -,ci7 / - .Z (.u; s-'4(,o) 
k =6, ao = /ao 
Having established the graduated values for the case 
k = 1, let us examine what terms must be added to give 
the graduated values for k = 2,3 and 4. From the above 
we obtain 
o i0o -I- rz ito-dd- .ar,,, t3(l(o 1-/616 --c13 .4(9 
Hence to evaluateas for S = 0 to S = 11, the only 
additional expressions to be calculated are 
- ,c13 - ,u 9 
ur f -Uy - U4 - fro 
-az + - ' - fis' - 'art 
= /L/ -l- I- f Uo 1- 114 ,Ug) - i(L f - Gfb uro )J zQ ( 
two additional expressions to be calculated. 
37. 
ac,300 f z 3[a° í 1J / 1 t -a9) - 
.three additional expressions to be calculated. 
s io f i2 , - Z, Pcc. I 0 
EXAïl2P LE . 
The following table shows the graduation of the data 
7.1 6.7 6.0 5.2 4.6 4.6 5.1 5.7 6.2 6.6 
6.8 7.0 for different values of k. The smoothed values 
were obtained by operating on the observed data with the 
matrices for 2n = 12, k = 1,2,3,4,5 and 6, and checked 
by the method of the last paragraph. 
UNGRADUATED GRADUATED 
k_ =1 k= 2 k= 3 k= 4 k= 5 k= 6 
uo 7.1 6.957 7.057 7.091 
u, 6.7 6.476 6.726 6.709 
uz 6.0 5.859 6.009 5.992 
u3 5.2 5.270 5.170 Same 5.204 Same Same 
u4 4.6 4.868 4.618 as 4.611 as as 
us 4.6 4.761 4.611 k = 2 4.594 Original Origina 
u,, 5.1 4.976 5.076 5.110 Ungrad. Ungrad. 
uy 5.7 5.457 5.707 5.690 Data Data 
ug 6.2 6.074 6.224 6.207 
u9 6.6 6.663 6.563 6.597 
u,0 6.8 7.065 6.815 6.798 
u 7.0 7.173 7.023 7.006 
By / 
38. 
13, By means of the Fourier Analysis Form which Whittaker 
and Robinson suggest using the harmonic function which is 
determined by these 12 data is 
g- s 967f 0 9g/ ZBf0-033 e, 4g ,-0- 00ye4,6-0 
7L O 696 aw B t 0.23/,a.,.28 -o Oolt ,af.:., sB 
The coefficients ao, a, 4.-.__of the representation 
may be determined directly in the following manner. 
Since the normal equations for these coefficients 
are given by a L = 7 , / 7 9 -/ x' 
(7,// / l -/ b / = 
z 2 .z 
1,./z 
2 ../2 ..Z ,./2 .2 ,/Z Z Z 
2 13 / -/ -4 -Z -3 -/ / 3 
/ 3 2 4 / -/ -/3 -Z -4 -/ 
2 / -/ -2 -/ / 2 / -/ Z -/ / 
- ,3 3 -- 3 -3 .3 3 -3 -3 
z . -z Z - -z z 
. -z 
z z -a z - -z 
Z -/ -/ 2 -/ -/ z -/ -/ 2 -/ -/ 
,3 -3 .3 -/3 -3 -3 13 -3 
z -3 / -/ 3 -.Z -3 -/ / -3 
/ - Z -3 / -/ ,/3 -Z 3 -/¡ 














o 033 333 
0 
O 00925Z 
O 003 s90 
o 
The second method is obviously useful when using 
a calculating machine. Moreover, if we are fitting our 
data to a curve with a specified number of harmonics 
we need only premultiply u by the appropriate number of 
rows of p'. The matrices from which the coefficients 
are / 
± The Calculus of Observations, chap.10. 
























































































































































































































































































































































































































































































































































































































































































































































































































































































are derived are also given in the appendix. 
We may therefore, either determine the graduated 
values directly, or first of all find the harmonic series 
for the graduated values y and evaluate y for 6 =0, 
z2 
etc. For example, if we wish our smoothed function to 
include harmonics up to the third, then we premultiply u 
by the matrix with k = 3, and so obtain the graduated 
values. These graduated values are the same as those 
obtained from the actual harmonic series which includes 
the terms as far as 03 and 3 . Thus the smoothed results 
for k = 3 in the example above could have been determined 
from the series _ .r96yr- 0.99 /koto. /c2et0oc, 36 
4- Q 69'6 ,4 B 1- 0.23 //aß 28 -f 0- owe 3B 
The question now arises, how many terms of the 
harmonic series, or what value of k, will constitute 
what may fairly be regarded as a good fit, or indeed the 
most probable fit to the given crude data. This leads us 
to discuss the question of errors. 
ERRORS AND VARIANCES 
14. One of our fundamental postulates is that each 
of the given data is subject to the same standard error 5-, 
and before we can say whether a fit is good or not, 0- 
must be known. After the observations have been graduated 
we may compare 5- with the mean residual standard error 
and so estimate the goodness of fit. Should the mean 
residual standard error be very small compared with 
6- , 
then the fitting has been too accurate; indeed by 
introducing / 
40. 
introducing 2n constants in the representation of 2n data, 
the mean residual standard error would be zero. In our 
subsequent discussion we shall assume that G` is unity. 
Variance and Product Variances of Graduated Data. 
Since the graduated values y are obtained from the 
observed data u by means of the linear combination y = Cu, 
the variances and product variances of the 2n smoothed 
values are the elements in the variance matrix 
V = CC/where O = P(P /P) /P /and P is the matrix 
associated with the harmonic function above. 
Since C = C and Cz= O 
then V = O 
so that the variance matrix is identical with the matrix 
producing the smoothed values, and the properties of this 
matrix have already been investigated. The variances 
of the fitted values are the elements in the leading 
diagonal of V , and since Vis persymmetric, all the 
/ 
fitted values will have the same variance 2; , where 
2n is the number of data and 2k t 1 the number of constants 
in the harmonic function. 
Also, the product variance of two fitted values w 
and will be the element VAS of V or Cn of C 
namely - f . - /1, + 2 e . . . 0 -0 
15. Total Variance of Residuals. 
Since the smoothed values y of the 
observed data u 
are given by y = Pa, the sum of squared residuals 
after 
fitting has been done is given by 
3 
2 
= (.li 0.) , (,u. 1) 
- AA,/ - -cc / Q/ - e2,1 .A., 1 CL/ /Fa., 
but / 
41. 
but on account of the minimal condition Q2 
it follows that P'/-D121 
r r _ % - a. 72/ Q. Q. p /p, 
'Ur u - a P/T'a 
z-» 
Now u- is simply yi À..tz 
-' J 
and 0.17'1 Pa. = 
2-N 
- cc, 
_ Q a- 
-4 
2 2 
:7. %L Q -/- í7j ». a- 
- , 
J_ á 
2 - nao _ ,, 2 4 +r 
>_ , 
Mean Variance of Residuals. 
16. In order to estimate the mean variance of residuals, 
which would be comparable with the error variance of one 
observation, we must divide the total variance of 
residuals s2by 2n - (2k -- 1), the number of independent 
fitted data. 
Again, since y = Cu 
the residuals -i _ - Cam- _ (I- C) 
Residual variance matrix is (r- C) 
= I- C - c' *c 
= 1-G since C is symmetric and idempotent. 
It was proved above that the trace of C is (2k -t- 1) 
.-. Trace of I- C is z , - 
Zoé- 
which gives the measure of the sum of the residual 
variances; if the observed data u have each variance crz, 
the sum of residual variances is (2n -2k -1)6- Hence 
sz 




For the example given above in para. 12 the sum of 
squares of residuals was computed from 
z zN Z z 
Cla 
2 
S = Gl ¡ - a: - 7v Q-1 1- .4 
4= /, S2= 3374z 
4 =2, Sz = o 0074, 
¿= 3, Si* = o 007/i- 
{2 , SZ = o 0007 
4 =s 
Dividing these sum squares of residuals by 2n - 2k 1 
the following mean residual variances were obtained 
k = 1, 0.0430 k = 2, 0.0011 
k = 3, 0.0015 k = 4, 0.0002 
If the value of c Zin this example is 0.0022, then the 
means residual errors would be approximately 
ZO'5 , z 6- z 2_0_2- o- 3 %O . 
1'1e may expect therefore that in this case the most 
reliable fit is obtained by giving k the value 2 or 3. 
Applying Pearson'sxztest we find that for 




z x2 0 3 -%,L for 7 degrees of freedom. . 
z 0. 0074' - 
=3, x - o. 0022 - 3 IA for 5 degrees of freedom. 
4, e 0. o 0 07 / o. oozz ° 3z for 3 degrees of freedom. 
X 
From the /A table given by R.A. Fisher, we find the 
values of P, whose position in the probability curve 
indicates the goodness of fit, are 0.01, 0.84, 0.76 and 
0.956 respectively. From these again we see that 
the best 
fits are given by k = 2 and k =:3. 
Properties / 
Statistical Methods for Research Workers (1936). 
43. 
Pro erties ci the Residual Matrix I - C. 
17. Since the elements in the leading diagonal of I - C 
are given by 1 -Ç where Cry-is the corresponding 
element in C, and each non -diagonal element of I - C 
is given by the corresponding - Cys , the proofs of the 
properties of I - C follow at once from the properties 
of C. 
I. I - C is axi- Symmetric. 
II. I - C is centro- symmetric. 
III. I - C is persymmetric and alternant. 
IV. I - C is idempotent 
for (I - C)2 = I - 20 4-- Cz 
= I - 20 + C since C is idempotent. 
= I - C, whence the theorem. 
V. The sum of any row or column of I - C is zero. 
VI. The trace of I - C is 2n - 2k - 1 
Each diagonal element is 1 - 2,,(2k + 1) 
VII. The sum of the elements in the secondary diagonal 
is zero. 
VIII. The sum of the squares of the elements of any row 
is 2,(2n - 2k - 1) . 
IX. The latent roots of I - C axe units and zeros, 
there being (2n -2k - 1) units and (2k-1-1) zeros. 
X. The sum of the principal diagonal minors 
of I - C 
of order 6,2n - 2k - i is zero. 
XI. / 
XI. In any row or column of I - C, the sum of the 
elements in the odd or even places is 
± Z 
according as the diagonal element of that row 
or column occupies an odd or even place. 
XII. I - C is a singular matrix. 
XIII. The adjugate matrix of I - C is a multiple of the 
matrix of order 2n all of whose elements are 
units. 
EXAMPLE III using 24 data. 
18. The data for the following example were obtained from 
the British Polar Year Expedition, Fort Rae (1932 -33), 
Vol. II. Hourly observations were made of the horizontal 
component of the earth's magnetic field over a period of 
thirteen months. These are given in Y2units and averaged 
for each hour of the day. These averaged observations 
vary from 39 units to 141 units with the rather large 
standard deviation of 14, due to the fact that the 
observations were subject to large magnetic disturbances 
owing to the proximity of Fort Rae to the North magnetic 
pole. 
43 41 45 50 61 91 117 141 125 121 96 83 
82 81 79 77 63 55 43 41 39 42 45 43. 
Before proceeding to graduate these data, we shall examine 
in the first instance what value of k gives the best fit. 
2'-u, =143, 136 
Premultiplying / 
45. 
Premultiplying the data by the matrix producing the 
Fourier coefficients (Appendix, page 85) for the case 
where 2n = 24 the following are the values for a0, a b, 
ax , b2, a3 , b3, only the top 7 rows being used 
1 2 
ao = 24 
650.745 










a3 - 24 
-232.776 
b3 - 24 
Hence the sum of squared residuals for different values 
of k are 
k = 0, 
k = 1, 
k- 2, 
k = 3, 
S4=  22,152 
sZ = 4,615 
SI = 2,573 
sZ = 386 
Applying Pearson's ,X test as before we find 
x 2= 22,152 _ k=0, 196 - 
4,615 
i965 k=1, - 
k = 2, /'Z - L52 = 
3 x2- 19b k = = 
The / 
113 for 23 degrees of 
23.5 for 21 degrees of 
13.1 for 19 degrees of 






a The corresponding values of P from theA tables axe:- 
k = 0, P <0.01 
k = 1, P =0.32 
k =2, P =0.83 
k = 3, P> 0.99 
It is therefore quite useless to graduate beyond k = 2. 
The best fits are to be obtained by giving k the value 2 
or 1. The following smoothed values y are derived by 
premultiplying u by C for the case 2n = 24, k = 2. (p. 63) 
34.3 39.1 49.0 62.1 78.0 94.0 107.6 116.8 
120.7 118.0 110.7 100.2 88.4 77.5 68.6 61.5 
58.5 52.8 5c4.0 54.2 46.5 41.6 36.9 33.9 
u = 1704 andGy = 1704.9, which are in good agreement. 
- _- 00o - -- 
47. 
APPENDIX I. 
Graduating Matrices C P(P'P }'P' 
I is the unit matrix, and Q is the matrix composed 











3 2 -/ 
z 3 2 
-/ 
2 3 2 




























/ta / /-i 
l+z 3 /+2 / 
/ 1+1/2 3 17, /2_ 
l-z / 
-/ /-z / 1+12 
/-112 -1 /-z / 
/ -/ y / -1 / -/ / 
/ y / -1 / -/ 1 -/ 
-/ / .7 / -/ / -1 / 
-1 / y / -/ / -/ 
-/ / -1 / 7 / -1 / 
-/ / -1 / i / -/ 
-/ / -/ / -1 / 7 / 







6 3+4- /f s 2-4- /-/s- 
,3+s i Jf a' /t/s- 3 s' 
/+s 3f k- 6 S-A /7,4- 
3-s /f s J7, - 6 3+,' 
/- s- 3- s / 
-/ /-s' 3-s- /ts 3,, - 
/-S -/ /5- J- 
3_ /6- /-s- _/ 's /fs- Jt- 6 ,2f /f- 
/+s 2- J- /- s -/ /- 4 1.;7L-3 











a- s /- s -/ /- s 3- s- 
/t- a-/- /-s- / /- )!3- 
37-4- /+s 3-s i- Vs- -/ 
6 ,5f/- /4- /6- 3- /-s 
,7+6- /t/s-- J-A- 
S /fs is / i s . /fs 
1-i-5 - /4-4- /- is- / /- s 
lfs á" H. /3- /- 4- / i- /6- 
F/5- /-/- J o /f 45- /- 3 / 
/- ,/,- /f - .5 /t - /- ' / 
/ l-4-- /ts S /t- /- 
/ /- ,- it s S /t s' /- A- 
/-/5__ / /-s /f - s" /t-- 
I- /s- / 1- A- H./6-- . HA- 
/- s- 
4=3, 
C/ = zo 
C= io 
50. 
/l/ 31-4- -(/fs) 3-14- -(i-s> -/ 
34-4-- 1!/ 3tS -( H-) 3-s- -0- s) 
-(i-) 3-s -0,,. .fi s 
-/ -(-s) 3-s- -(/ts) 
-(its) 3+45- /!t 3t 4- -(its) a- S - -/ -(i-is) 3-s- 
_(mid) 3f4- /Lf 3t s- -(i-rA) 3-s / -(i-s) 
- (i-,/r> .3- s` -Otis) f /t/ 3f -Otis) 3-14- -(i-s) -/ 
-/ -(-s-) 3s -(ts¡ 3t4s -(its) 3-r -(-s) 
-(,-s) -/ -(i-sJ 8- 4- -(/ts) .3.t. s- /Lf 3tS -(/tr 3-S 
3-1.3.- -0-s) -/ -(-s) d-s -(its) /1/ 3t/6- -(its) 
-(,ts) 3- s- -(,-s) -/ -6-4) -(i+.sJ /1} of s 










I 9 1 
-1 / 9 
/ / 
-/ / -/ 
/ 
-/ / -/ 
/ -/ 










-/ / -/ 
/ -/ / 
-/ / -/ 
/ -/ / 
-/ I -/ 
/ -/ / 
9 / -/ 
/ 9 / 
-/ / 9 









Z l+ 3 /i,4 / 
/ 4 /t,3 3 /+3 <, 
/ /-f 3 /f 
/-../ / <; /t3 3 
-/ /- / 4 /t 
/-3 -/ /- 1 ,, 
/- -/ /-,!s / 
/ 1-Z, -/ /-,/, 













/-/..5 -/ /-,/.3 
/ /- -/ /- /3 
/ /-i6 -/ 
/t / /- 
3 /+ ti / 
/t 3 /t , / 
2 /t .3 /f 2 
/ 2 /d- 3 /t 
/ 2 /f- .7' 
2 +-1/3 / -/ -/ 2-3 / z-3 
S- z+ I -I --I 2-13 / 
2fa 6 2+4 I -I --I z- /3 
/ .2+3 .5 tif I -I -/ 
- / 1 24 e 24 I -/ 
-I -/ / 2,t4 d` .Z-f, / 
Z- -/ -/ I 24,3 b ,Z-1 
I .2-/3 - / -/ / 2,46 b' 













.Z-3 / Z-/3 -/ 
--/ 2-/3 / 2-/i 
-/ -/ 2-/3 / 
/ -1 -1 z-3 
24 / -/ -1 
,S- z+6 / -/ 
-/ - / 2-6 i z-3 -/ -/ / 2+4 











2 -/ -/ 
-/ . 
I .24.4 .s- 2f6 
-/ / 24-.6 s 
C = r2 













/ 2-3 -/ 2-6 
-/ / 2-6 -1 
y z+ -1 -/ / .Z-3 
.2+6 y 2+6 -I -/ 1 
/ -/ -/ 2+3 
-/ -1 
-/ 2-13 / -/ 
.Z-3 -/ 2 -3 / 
-1 z4-/i f 2f6 -1 -1 3 -/ 2-3 
2-6 1 -1 ,Zfh -1 -/ l z-J -/ 
-/ .2-3 / -/ / 2,LIG 7 2-f6 -/ -/ / z-3 
.243 -/ .2- / -/ - 2,4 7 24-4 -/ -/ / 
I 2-4 -/ 2-,/ / -/ / 246 % 24 -1 -/ 
-/ / 2- -/ 2-3 / -/ -1 z,, y .044 -/ 
-1 -/ / 2-,3 -1 z / % -/ 2416 Y tif 
2,+3 / - / / .Z- -/ ,Z-.3 1 -/ -/ .Zf6 
^ 
- 9 /t -z / 1-13 / 1--3 / -z 1 4-3 
lt3 y 1+13 -.Z / l-3 
/ /-,3 / -z 
-z /+4 9 /t -z / /--/.) / /-s . / 
/ -z lt g /t3 -z I l-, / /-,%, 
i -2 r4- 9 146 
-z / . /- I ,- 
F6 / -z l+ v 11(4/3 -z l /-/ / 
l l-3 l -z /f 9 /t3 -z / . 1-,- 
l-/ 1 1.43 ) -z 1+3 9 /Lié 
-z i 
I- '3 / l-3 / -.2 
14,46 9 1+16 --., / 
I !- i 1-/a / -2 1+3 9 /t -ti 
. / -ti 1-,-6 9 lt 
--.Z, 1 
/- l /- 





// / -/ 
/ // / 
-/ / 1/ 
I -/ / 
5S. 
-/ / -/ 
/ -/ / 
-/ / -/ 
/ -/ / 
-1 / -/ 
/ -/ / 
-/ / -/ 
-/ / -/ / -1 
-1 l -/ I 1/ / -/ / -1 / / / 
/ -/ / -/ / lI / -/ / -1 / -/ 
- / / -/ i -/ / // / -1 / -/ i 
/ -/ / -/ / -/ / /1 / -/ / -/ 
-/ 1 -/ / -/ / -1 / /1 / -/ / 
/ -/ / -/ / -/ / -/ / 1/ / -/ 
-/ / -/ / -/ / -/ / -/ / /1 / 
k= 6, C = .Z. 
-/ / -/ / -/ / 
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/- a I-12- f - ,/z -1 /*- z l+2+,z+L ,S' /1,41,47,4, 
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56. 
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/ + 1+ s -i+2 - 1- L I-1-r / 
.._6.- /'- / 4'47-7,. ".6=Z: 
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z /1-2 z r/63 -z -4i2 -31,t23 2 -34.2/3 -4-fz3 
-.4-213 2 2 2f 6 - 3,4-23 
2+vi 
t.3/zt23 -4-2/j 2 
2-4 9 Z +34-24 - z f 6 z -?i -2/5 
/fZ3 -3z+/3 2 -.3Lt 3 





2-16 _t3 2 -3./24-2/3 
2-6 
Z -3124c4 -4tz3 2 
-4~3 -3Z 3 z -3,/24.4 -44-2)/3 Z 
s-6 2-4 2 -4+213 -32+23 2 
-z z -4-1-2/3 2- 2,4 2 
( 6e 
(CoLs. l3 -z4) 




-32424 -4+-2 2 
2-4 


























-32-2 2 2 
77 .2 6 z+6 -jv +612-14 2 -3T-z3 
z -4+24 ú./3 2 -3,44.m -144-z3 
z 2 -4#2A -3zis3 
z-6 
+31-24 
Z + 6 
















































Z Z f3 z-6 3zt2 
+3,/r a -z 





z +,/3 -z 
z Z f3.02--23 
z+6 
-32-2 /3 z z 
-4-2)4 z 
+ 
+32z.,.:,6 ( -4-2/3 
2 
z .6 -'s-: /3 







-2 +3, 2 -24 
2 
z 2'z-.63 
- 2 t+31-2-1. 3 
-4+23 ,Z 
z- 2 




















Z P-6 3a4-2 a 
-4+24 2-6/ -34424 2 
-4,24 -6 
32i2,4 
-Z -Z -it2,6 
-6 1 Z -2 +3z-2j 
2 z -24-4 z z-v6 z 
2+ 6 
+34+24 
-ll-?3 i3,záil,.l + - rí26,4 -1i-2,3 
2 -4-23 +3{13 f +l.3 
z 
2 +6 
-3 2 -24 
2 
li+z3 2 -z 2- 6 *3/2-s!a 
2- 6 
-fi+,rdi -4t2.(3 z 
z -4-2" 2G t313 












.Z z z+c -3,/ 13 
7+ A. 
+34+1 -4-2 f 
2+ 6 
+3k+2,( 34 +aa+j /i -2,4 
2 2 -44143 23+ 4ja 3l/ 
2 _;1s 2 
-,Z 2-46 Z z+c t3:2-24 -311-213 
2 
7,+ 6 
+31+z3 -4 -2/3 
Z+46 +6 2 -4-273 4-g4;26 /4 rLáaj4 
z -h-11 ,r 3 
9, 
--- s C' 




+zt-za -4 -2/ 















2 + 6 
z+6 
-12-2/3 -2 2-F2.4 -4-24 
z z}6 -z-23 -2 2+22 















-4 -24 242/2 
2+L 




, z-213 2 2-2k _4 *2/3 
2-6 
2 43-2 3 2 2-.ZZ 
+Z s - t4 -z+2/3 
2 +6 -z -z_z a 
-2 
2+6 
38 +4+-2 zt2z 





2 +z22-4. 2+6 -z,/3 Z _z_23 
2- /G 
















-y+za _z+3 -2 
,2-2z -1+23 _z 
c 
2+-z3 
Z 2-21z -4#23 
2-4. 
+12-213 z 
6 z +z-2a 
2+4 
Y./2+24i 3ff 
-42s 2-'2/2 2 2+ 
b 
+z +2/3 
-z 2ti4 -4-2/3 




Z +.Z-z3 .Z 
+ z -2 3 
2-2 Z +i -z,4 
2-16 
_a r2 / -lr+z 2- 2z 
-2 2-6 -/t-f-2.3 2-2/2 -a+L3 
2- /6 2-6 
-12,+14 -2 - 74 -4+23 
2-4 




2+ 4, -z-Z 
2 +z2 _ 
z+6 






+4t24 -b -24 
-2 2+ 24 -4-24 











i-v`it 3 3 á 
-4 -2 3 














2-2/2 -44-23 -A-1-1/3 -z -/Z 23 -4tZ3 2-zZ 
2 2-2/2 -4 tz3_z11.4 -.Z _A.+64, 1E+23 
z+6 2-6 
-2 23 2 +4--3 
-2 
zt2z 
Z z-z -/,+z _a+Y3 







2-4 % Z16 +2-z3 -1/2- 7.6 
2- b Z +r2-2J3 Z 
2-2/2 2 2-4 4-/z-4/3 I 
2- z72 2 i 2- 4, /f+13 -z -ztr - 
2 z-z,/z -!fT3 a+z/ -z 
2- 22 4 t2 2 -v24-2i3 
- b 2-24 -41-.z 
z- 6 Z 




-2 -4-24 2 
z+.7z _2 
2 + 6 
-.6- 2% 
z- 
-,6+_ -.4+2l,ì ,¿-2 
-z -1#,-2/3 z- -,+ 
2- 4, z- 6 
_/2 *24 -Z -144-2 /3 







_-11+24 -z +2 
-z Z-6 
78 
( Co ls. l3- 2 ) 
Z tz z,/ 2 
z-22 Z 2 2-6 +-2,/ 
-12 4-24 
t7.' - 2 6 9 -,ztz3 -Z 
2-zz 
z 
+ z-z3 2 2-24 4+-?3 
2-6 
Z +.2-23 
-Z -,f2t 2 
z+2z - 2 
2+2/2 
-u-23 
-4t23 - +6 3 
2-2/32 _4 #2 3 
2-2 -41-2.4 4 
-zfb/i u+24 2'2z 
z 
2 -6 -z - z+ =3 -4#2a 




3 2+6 Z+2- 
2 2-2z 
2-./6 










2.4 3 -u-Za 
,2+6 2+6 








2,4 2/2 -4-2/3 
-z 242 2 




z+6 z -2-, -z 
2-16 -2 -a+2/3 
z- 
-z+2,g -z 
2^ 6 -41-1 -,/Z +2 3 
2 -2v -4 +24 









-2 _2-23 2 
2+ /6 -z 
--1/,'Z z3 
-b-z3 24-2z -2 
ztzfi 
2+4 +z+ -4-24 24.24 
-4- 2 3 
2- C 
Z +2-2 3 









2 +6 -4- z +2/3 
2+2(2 -4r2/3 
z+vE. 
2 _/2-2.4? -2 
2-6 
Z-2/2 2 +2-24 










24-zz ztb -+-z +z+z,í.£ 
-2 2,+2z -4- 2/3 
z 23 Z -/z-24 -Z 
2 -6 
2 312-2/3 2 











z-6 z +z_23 





2- -2 -_,2i1#.26/3 -ti-f?3 z-zz 
-,,z+124.4 - Z -Jz+ -4+24 
_z 2-6 2 6 
Z+a3 z3 -,+.2,/a 
2 
2 -z Z 
-44,273 
2-2/2 -.4,214 -z 2-143 
2 2-2/2 -lFt.t 2_6 í2. --/Z+2/4 
2-6 
+2-23 
2-16 Z +.4-14 
+ 6 
-2-23 
2 2-212 -4#24 _z :3 
2 2-2/2 -Art-2% 
2-6 
2 +2-23 2 2- 2/2 
z+6 -Z Z 
2 +2 2 -2 






-a-=d z t24 
ó 2+6 +z+=2 -u-Z 
2+6 2+6 
+z+23 es +2+s4 













Z #16 -2-z 
2 +2/2 -2 
-4 -23 
2,* z+c 4-z +1+2 
3 2 +, +w/242, 
2.+ 6 . ( +z,. w4 
/0, 
C=' 8 
(Co/s. /- iz) 
42 2t6tz 2-2/2 2+22 -4 2i-6-/z -Z 2-4z ,Z-1,Z -2+23 2°%2 
z+bfz ¡az "1-16t2 -2-2 .Z+2Z -4 2*16-Z -z 2-164-4 Z-2/2 -2-1-25  
-2-23 .Z+642 142 z+6,-l -3-2v3 z+22 - / 2+16-4 -2 2-44/2 2-2/2 
2t-2z -2-2/3 y2 2*6tz -2-2/3 z+z2 Lf Z+6°,Z _2 2-16+Z 
2+2/2 -,Z-z3 21-+vi /.!z Z+6;z -Z-24 2+2Z ¡L 2,+6 4 _Z 2-4,4 
'+4-1/2 - ¡f 2424 ,Z+G+ Z Ll z Z+.4+4 -2-z4 24.-24 -/i 2+176.-h -Z 
-2 z4 '6-.'Z -At 
LL 
2+24 -2-2/3 2f4f .42 2+,44-z -2-24 21-24 -- 2+64,-12, 
2-btZ z+2.z -22,3 2+btZ LiZ Z4-á+Z _ 2- 2/3 z-1-7/Z - 
2 6+2 -2 2+4 -L -4 Z+2/2 -2-2/3 2+642 42 2444,t2 -2-24 24-íZZ 
2-2/2 2 -4* -Z 2f 6 -Z -1 24 2/2 
-2+2,6 2-22 2-6+z -2 Z+-z -4 
2- -2 +213 2 -42 
2 2 -4,- 12 _29_24 
2-4- /2 
-2-7/3 2cF.42 7Z zs64z - z-7.41 
2+16 2-24 2464,4 L<7 2+402. 
2-4,+vG -2 2+6-Z -4 2+24 -2-2/3 z414 t,G 4Z 
2-212 2-4416 Z 2+4-4 -Lt 2,414 -Z-z 2f4-sz 
Z 2-1.-z _24-23 2- 21z 2-6r -z 7,+y6-4 -4 zoaz --2 
t-'3 2 6 1 2 _2+213 ,2-2Z 2-4+z _2 2,4_4 -¡{ Z414 
ti Z -2+24 2-4- 12 2 Z ,/6 z Z+23 2-212 .Z bfz -Z 244--z 
2-2/2 -2+24 2-c-2 2 2-16-2 -2+24 2-2/2 1414 -Z zsa L 
< !ú1v2 . 2-2/ -2+24 2-6-z ,Z 2-A-f -2+23 2-24 z-sitt -z 
-2 2-4 +4 . Z-24 -z+24 ,2-i-Z 2 2-44 x --?+,t13 2-24 2-4444 
244-Z -2 2-b*1z 2-24 -,Z*24/3 z-14-4 Z 2-4-12 -21-24 2-2z 
-4 z+4,- 12. -2 2-,4,.4 2 22 Z+-23 zi-z Z 2-16-Ì ....voz/3 z-aiz 
2ta/a 4 2,16-4 -2 2-6+2. 2-24 -z#4.6 z z 2 2-4.4 -2444 
-2- 7/3 z+i/2 # 2,t.e-V./.7. _z z 6 z 2-2z -z*tJ z-c- 2 z-s-i 
21-vii-/Z -2- 23 2+24 4 z+6 2 _Z 2-6d, . Z-z4 -.Z+z4 Z--l 2 
Z 2-6-2 -zis3 z- zz 
2-,/6 1/2 Z 2-4-4 -2+2/3 
-2+2/3 2-4:-z 2 2-6-z 
2- 2/2 -2+2/3 z-6-1z 2 
2-12 -2+74 2-6-h 
2-442 2-2/2 -2t23 
-Z 2-4*Z 2-212 -2,+23 2-6-2 
2+1/6-2 -Z 2.-4+1z Z-2Z -,Z*23 2 /,../2 
80. 
l Cols. 13 - 211 




2-16-¿ -Z+23 2-24 
zi-6-z 
-z 
2 -6 f 2 
2 2-6-2 -21-2/3 ?_2Z 
2-G-2 2 2-A-A -Zt.23 
2 2 - 6 -Z 
Z - 246-12 -2 2- 4/-,/z 2-2/2 -Z+23 z-6-z 
2 -r2z - f z+6 -z -2 24,-12 2-2/2 -z+2 
-2-2/3 2+4Z -4 2*4-4 -2 2-b+2 
z-1-4+4 -2-2/3 2+24 _4 z*4 -4 -.Z 2-6*z 
42 2*4*4 -2-23 z+2,í -lf 2..d6-4. -.z 
234+12 lG2 2*6+2 _z-23 2+.72 -z 2-6*z ' z-1 -z+2,4 
-4 2+4,-/2. _2 f 2 
24-2/2 -2-2/3 2-E6+z 112 2+,4,42 -2-24 z*2z -4 21-16-L -2 2-Gfz 
Lf 2 + 6 -Z 
-. 4 Z+2Z -2-2yj 2*4f2 
7_f-z -L/ 2+2/2 -z-2 
-2 2+6-z 
- L{ 242/2 
2'6fZ -2 -N 
z b*z -z 





2+ -6 -z 
-2f 2 3 2 -2 2 
2-4-2 2 2-4-z zti3 
2-2/2 -2+24 2-G-Z 2 2-6-Z 
2-12 -24-24 2-6-1 Z 
2-6+z o e/ -2+24 . - 
'2-213 Z+6+vL l/z <+4+ -2-2/3 i 2 -4 
-4 24-22 -2-2/3 zfvi+z //2 2+4tz -2-2/3 2442 -Lf zt6 /z -Z Z-4tz 
2*16-2 -4 2+24 - 2-24 2*14,+2 uz z+ctz -2-44 Z+-1z _4 21-14 -16 --z 
-z 246-1/2. -G! 2f.1,4 -2-7 z46*¿ l!2 2*4+4/2 _2-14 zf?Z -(¡ z*6_z 
' 2-1-1/2 -2 2,f6-2 z*24 -2-24 Z+G*z Z 6*2 -z-.z/ 24-1z _4 
. 2-4*12 -2 2+6-4 -Li 21-24 -2-24 2+bf2 ljz zY6sz -2-y 2*22 
2- 212 2-16*z 2 2+6-z -14 2,4 2/2 -2-z/3 21 4 * L17 Zf ilk -Z-2d 
-2+213 2-2z 2-4+4 -,2 2+6-z -/a 2+2/2 
2 -6-2 -2*23 2-22 2-4f2 -2 2+4.-z 
-2-24 24444 L12 Z+64z 
.2+2r1¿ -2-2/3 244 tt 42 
81. 
23 1 -1 
1 23 1 -1 
l l 23 1 -1 
-1 1 23 / 
-/ / 73 1 -/ 






-/ / 23 1 -/ 
-/ / 23 1 -/ 
-/ / 23 / -/ -QfC, +1 am -/ a//ésna/2/y. 
-/ / 23 / -/ 
-/ / 23 / -/ 
/ / 73 / -/ 
-/ / z3 / -/ 
_et, f-/ -/ a/f;naf/r- 
-/ / 23 1 







-/ / 23 / -/ 
-/ / 23 / -/ 
-/ / 23 / -/ 
/ / 23 / -/ 
/ / 23 / 





Matrices which premultiply the observed data to give 
the Fourier coefficients. 
2-1,--- G 
r./2 2 z ,./2 
L i -/ -z / / 







.,/z ,a .z 
-,/z -z 





N 42 2 .2 4z Z .z .2 -Z 
.sti .s-/ - -Gs,) 2 - 
Z z 2 
2 z z z 
,437-2,77S- ,ptas- ,rota s ro-as' 
2 2 
2 S- / -(fSt ,J (Esas) .,/s- / z z z z 2 
pa-zS /p as' _49-137s-: _otss' 
2 Z, z 2 
Z -fs--) -(s+i) .Sr/ S-/ -2 z 2 2 z 
2 
,D-/s S_ p 2S _,0 2S prs 
2. 2 2 ?, 
7 -(S ) -Z l i / (sr) 
.//0-ZVS' _ /Or2S- o FlS` _/;(7-27k 
Z Z Z 2 
-.Z -2 .Z -2 .2 -z 
_ /z 
(sf,) _(s-) 
z Z Z .,/st Z 
af /Ots' OrlS /O-a 2 Z 
,s-/ (sl <.(s*) s i z z z, z 
przds-.A--Tir _ror= s 
2 2 Z z 
2. 
sf/' -lst.l _(r-' z 2 
2, 
,0*1 s y40-:,4- ,40-2 I/0 +304- 
Z Z z Z t) .f / /S-/ _(St,) 
2 
./_2 --lS .11ot 
2 z 2 z 
44 -z 42 -Z 
,z ,z /z -z .z 
/ -/ -3 -2 -3 -/ 
1/3 2 43 / - -1/3 
-/ -2 -/ / 2 / --/ 
. 3 _ , / 3 -i 3/ 3 - / 3 
-2 
4 
.Z -Z . 2 
z -2 
-/ 2 -/ -/ 2 -/ -/ 
-3 43 -3 -3 -3 
/ -/ 13 -2 -3 -/ 
-3 2 - 3 / - / 43 






-2 .z -,%z Z z -z .,/2+2 2 z z -z-z -2 
,/z-,/z ,z z ,/z 2 ,.ti7 2 2 - 4/2 -2 -z 
72 2 .2 -/2 -2 
2 ,z-z -z -,27:-.4 " hi21 z 
,2-1-12 ,z -z -.1.27-7i ,z 
z -2 Z -z 
2 -2 2 -Z 
2 -,Z--./z -z Z *z - 7-,-z 2 ,Z-2 
--z-f-z. -,/z -,/-2-7z- 2 -,./27-7z -z 
2 -z -,/z - 2 -2 -.72 ,2 -2 .2 - 2 2 -2 
2 -z+z ,2 -z-z .z-z -12 .,/24-h ,s-z -12 -2 ,,, Z+-z - z-z 2 -A/2 .72 -Z ,2 --2 ,,/2 -%/2 
A2 .2 ,2 .2 ,2 z 2 .2 
-Z - $tz -2 -2-z z-Z ,Z z-r.z 
- Z-z -2 -1-2-;;/2 -2 -2-rz -Z -2-z 
2 .2 -2 -2 -2 -z 
,2 Z ,2 -12 -Z -2 
-2 - .4727-7i .2 A/2+ It - 12 +./.2. -VZ ,2-z 
- .,(2-,:72 -2 ,2-./z 2 2- z -Z _ ./F.--th 
2 -2 . Z -z . 
Z -z z -z 
-2 ,z--2 ,2 -Jz=77 ,,/a+zz -z -z=z 
-12#772 2 .,/27-72- -2 ,/2- /2, ,2 -`ti-Z- 
2 -'l /z -2 ,2 -2 
,z -2 ,2 -z 2 - z . 
- z- z /274 -ii-7--ii -12 z -Z i2 -fi-7-7i 2 -12-472 12 -z-z 
..(Z -Z ,2- -12 4 -z ,2 -ti 
(Cols. (- 2) 
,z ,z ,z z ,i/Z .Z ./2 bf2 (t ) 2 z 4/2 ,/Z 
,/6-¿ 
3 /Z / 2 Z Z 
z 2 6 _( z) -/ _s/2 _z? 
/ ,to 2Z _z / 6z , ,2 / z 
2 3 i -I - Z -1.6 -/ / 3 
I /3 z 
2 
-/ -./3 -2 _/ -/ 
,/z -4 - -z -z 
,z 
.../3 2 ,/z -,/z 
,./Z -z 'z - , 
.2 1 
A 2 -,/2 
-z -/ / 
3 3 -3 -3 
-2 
-2 -3 6 2 
2 / -/ -z -/ / 
2 
.4.../2 
zz /3 / z 
..73- ,./ -3 -4 
_ (6f) 
-6+z 
z -/ 2 3 : 0/4-4) 
2 I z 2 
,/bz Z - -z / fz 
-z 
z 
z Z z 
2 -,2 
-z 
6 _) / 
2 -z . 2 
z -3 Jz / -(6t.z) .btz 
-2 ` z -/ 6- 2 
.6z 
-2 3 z 
z -/ -z /3 Z -2 z / /. z 3 - _/ / 
2 - i -/ z 
z 
2 -./ -/ z -I -/ 
/3 -13 v(-3 -/3 ,i4 _ /3 3 -/5 
2 - z 4/2 -2 2 z 2 - Z . 
/2 -2 ,z -h 2 - z /z - z Zz 
Z - 3 / ./f -2 ,,,/3 -/ / -/3 -/ 
/ -l3 2 -4 i 
(4,/z) 




- Z z -/ .,/.2 
-z ,Z -2 ,i2 -./.Z .Z 
-/ ,/3 -Z ,/3 -/ 
VZ ,fbtZ / ,z - i 2 
/G'_z -./ A' - / z 
/z z -h / - 
`C'ols. 13- zif> 
,2 ,2 ,Z ,./2, 2 ,2 2 ,2 
-14f/0 
Z -3 -/z -/ _ (147/z) ,/6=z z 
( 2) -/ -/Z --/3 -Mz .z) (4,-,,A) 3 z 
z ,3 / -/ - I/3 -2 - d -/ 
/ .3 ,2 -A / -/ -3 
-z -12 .z z ,i/z -/z -z 
-i2 -z -z .Z Z /2 
Z / -/ -z -/ / 2 / -/ 
z 4/2 ,z 2 
4/.3 
cz z 
3 -3 - - s ,3 
-6/4-.4) / -lbft Ai t 3 ,?i -/ z z 










-.7.1 -/? -,/3 
/ -/2 -/3 - z z . ,z -/ -(44./ z 
2 -2 2 -2 2 
-z 
2 -Z Z -z Z 
-Z 
../.6 z 
/ f fí4 
-Z -3 -../2 -/ 
// _ rZ ) 
Z 2 / ryi 3 - 
_(bf1) f6 /21 -6/1.- .0 z / 2 -73 2 2 z -/3 ,/z / _(bzI) 
2 -/ -/ 2 -/ -/ 2 -/ -/ 2 
-/ -/ 
,3 -3 s -A -A -/3 /3 - 
-2 42 -/2 2 -h - 8 
-Z ,z -z 
-2 2 - VZ 42 -2 -z -%/2 
2 -VZ 
2 -3 / -/ -3 -2 .,3 
-/ / -3 
/ -3 2 -3 / ' -/ .3 -2 
.3 -/ 
_ 2 -Ai-1z -3 _ / c 2 
(B 6.) / - .3 - (cf í) z ?i Z 2 Z 
-(-2 -(Gfrf) - r) z / - /2 3 z 3 -z / 
Z -z 2 - - 
- ,z -Z , 
87. 
APPENDIX III. 
ELEMENTS IN FIRST ROW OR COLUMN OF C 
(for those matrices whose elements 
previously occurred in surd form). 
k = 1 
2n = 8 
k = 2 
3 5 
2.414 214 2.414 214 
1 -1 
-0.414 214 -0.414 214 
1 
-0.414 214 -0.414 214 
1 -1 
2.414 214 2.414 214 
Matrix divided by 8. 
2n = 10 
k = 1 k= 2 k= 3 
3.236 o68 2.618 034 























-1.236 068 0.3381 966 
o 0.618 034 
1 -1 
o o.618 034 
-1.236 o68 0.381 966 
0 -1.618 034 
3.236 o68 2.618 034 
2n = 12 


























Matrix divided by 10. 













































































k=4 1,s___. = 5 k =6 
9 11 13 
5.026 799 4.261 432 2.847 759 -1 -2.414 214 -2.414 214 
-1.496 065 0.351 153 1.765 367 
1 1 -1 
0.667 637 -1.179 581 0.234 633 -1 0.414 214 0.414 214 
-3.198 371 0.566 956 -0.847 218 
-0.198 371 0.566 956 -0.847 218 
-1 0.414 214 0.414 214 
0.667 637 -1.179 581 0.234 633 
1 1 -1 
-1.496 065 0.351 153 1.765 367 
-1 -2.414214 2.44214 
5.026 799 4.261 432 2.847 759 
Matrix divided by 16. 
2n= 24 























































7.595 755 7.595 755 
1 -1 
-2.414 214 -2.414 214 
-1 1 
1.303 225 1.303 225 
1 -1 
-0.767 327 -0.767 327 
-1 1 
0.414 214 0.414 214 
-0.131 653 -0.131653 
-1 1 
-0.131 653 _0.131 653 
1 
0.414 214 0.414 214 
-1 1 
-0.767 327 -0.767 327 
1.303 225 1.303 225 
-1 1 
-2.414 214 -2.414 214 
1 -1 
7.595 755 7.595 755 
k=9/ 
k 3 _k___-__4. 
1.078 117 7. 078 117 
3.732 051 -2.732 051 
-1 -2 
-1.628 627 -0.628 627 
-1 1 
0.164 525 1.164 525 
1 0 
1 -1 
0.267 949 -0.732 051 
-0.614 015 0.385 985 
-1 1 
-0.614 015 0.385 985 
0.267 949 -0.732 051 
1 -1 
1 0 
0.164 525 1.164 525 
-1 1 
-1.628 627 -0.628 627 
-1 -2 
1 -1 
3.732 051 2.732 051 
6. 07 8 117 7.078 117 
k=7 k=8 
15 17 
7.078 117 6.078 117 
-2.732 051 -3.732 051 
-1 1 
2 3. 
-0.628 627 -1.628 627 
-1 1 










1.164 525 0.164 525 
-- 0.628 627 -1.628 627 
2 1 
-1 1 
_2.732 051 -3.732 051 










2n - 24 (oontd) 
k = 10 9 
19 21 
4.663 903 2.931 852 
3.732 051 -2.732 051 
2.41+214 2.414 214 
-1 -2 
-0.214 413 1.517 638 
1 -1 
-1.249 689 0.482 362 
1 0 
-0.414 214 -0.414 214 
-0.267 949 0.732 051 
0.800 199 -0.931 852 
-1 1 
0.800 199 -0.931 852 
-0.267 949 0.732 051 
-0.414 214 -0.414 214 
1 0 
-1.249 689 0.482 362 
1 -1 
-0.214 413 1.517 638 
-3. -2 
2.414 214 2.414 23.4 
-3.732 051 -2.732 051 
4.663 903 2.931 852 
Matrix divided. by 48. 
91. 
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